It is numerically investigated whether a deformable object can propel itself in a superfluid. Articulated bodies and multi-component condensates are examined as swimmers. An articulated two-body swimmer cannot obtain locomotion without emitting excitations. More flexible swimmers can do so without the need to excite waves.
Introduction
Superfluids have no viscosity. When an object is moved in a superfluid at a subcritical constant velocity, it experiences no drag force. It would seem, therefore, that the arms and legs of a swimmer will be unable to generate propulsion in a superfluid. Can we swim in such a fluid? In other words, is the self-propulsion of a deformable object in a superfluid possible?
The present paper shows that the answer to this question is yes. Let us first consider a case in which the velocity of the flow around the swimmer is much slower than the velocity of sound. In this case, a superfluid may be regarded as an incompressible ideal fluid. Several authors have shown that the self-propulsion of a deformable body is possible even in an incompressible ideal fluid, [1] [2] [3] [4] [5] and therefore, we expect that selfpropulsion is also possible in a superfluid. When the swimmer deforms quickly, on the other hand, the superfluid cannot be regarded as incompressible, and waves and quantized vortices are generated. Since these excitations are able to carry momentum, the swimmer can obtain thrust by releasing them. The aim of the present paper is to verify these speculations.
The dynamics of objects immersed in superfluids have been studied in various situations, such as using particles to visualize superfluid flow, 6 , 7 using oscillating spheres 8 and wires 9 to disturb superfluid helium, and considering the behavior of an ion 10 in a gaseous Bose-Einstein condensate (BEC). However, the self-propulsion of an object in a superfluid has not been studied.
In the present paper, we use the mean-field Gross-Pitaevskii (GP) theory to numerically demonstrate that deformable objects can swim in a two-dimensional (2D) superfluid. Two kinds of swimmers are examined: articulated bodies with movable joints and multicomponent BECs. For the latter type, the swimmer is also a BEC and can be deformed by changing the interactions between atoms. Since a superfluid has no viscosity, one may think that the swimmer would behave as if it had a high Reynolds number. However, the condition for self-propulsion in a superfluid is shown to be similar to that for a swimmer with a low Reynolds number in a viscous fluid; this is reminiscent of Purcell's "scallop theorem".
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This paper is organized as follows. Section 2 investigates the dynamics of articulated bodies in a BEC. Section 3 studies the dynamics of multicomponent BECs. Section 4 presents the conclusions of our study.
Articulated bodies in a superfluid
We consider the dynamics of a superfluid of atoms with mass m in the mean-field approximation. The dynamics of the macroscopic wave function ψ are described by the GP equation
where V is the potential produced by a swimmer. For simplicity, we will consider a 2D space, which can be realized by tightly confining the system in the z direction. Assuming the form of the wave function is ψ 3D (x, y, z) = ψ(x, y)φ(z), the effective interaction coefficient g in Eq.
(1) is given by g = 4π 2 a |φ| 4 dz/m, where a is the s-wave scattering length. In this section, we consider swimmers that consist of elliptic bodies, as illustrated in Fig. 1 . The elliptic bodies are connected at joints located on the long axes of the ellipses. The distance between the centers of the ellipses and the joints is d. The angles χ of the joints are controlled variables. To reduce numerical errors arising from the rigid boundary condition at the surface of the bodies, a "soft" boundary condition is adopted. For the jth elliptic body centered at (x j , y j ) and for which the angle between its long axis and the x axis is θ j , the potential is given by
where ξ j = (x− x j ) cos θ j +(y−y j ) sin θ j , η j = −(x− x j ) sin θ j + (y − y j ) cos θ j , and µ 0 is the chemical potential far from the swimmer. The potential in Eq. (2) is v j = µ 0 at an ellipse (ξ j /α) 2 + (η j /β) 2 = 1, which corresponds to the surface of the body. The parameter f pot in Eq. (2) determines the sharpness of the surface; the Gaussian potential rises steeply for a large f pot . The results are insensitive to the value of f pot , and we set f pot = 1 in the following calculations. The potential V in the GP equation is thus given by
The Lagrangian for the swimmer is given by
where M and I are the mass and the moment of inertia of the elliptic body, respectively. The interaction potential U pot between the swimmer and superfluid has the form
where (X, Y) are coordinates of the center of mass (COM) of the swimmer. The potential V depends on (X, Y), θ, and χ, through Eq. (2). In the following, we assume M = παβmn 0 and I = M(α 2 + β 2 )/4, where n 0 is the density far from the swimmer.
Equation (1) and the equation of motion for the swimmer are solved numerically, using the pseudospectral and fourthorder Runge-Kutta methods. The initial state of ψ is prepared by the imaginary-time propagation method, in which the swimmer is at rest in the initial form. The density |ψ| The numerical space is taken to be sufficiently wide, and the boundary does not affect the results if the motion of the swimmer is moderate. In this case, the total momentum of the swimmer and surrounding fluid is conserved. When the swimmer moves violently, waves and vortices are released, and these reach the boundary. In that case, an artificial damping term −Γ(r) ∂ψ/∂t is added to the left-hand side of Eq. (1), where Γ(r) is nonzero only near the boundary. 12 The artificial damping term can suppress the disturbances at the boundary without affecting the dynamics of the swimmer.
Two-body swimmer
We begin by considering a swimmer created from two elliptic bodies connected by a joint, as shown in Fig. 1(a) . The state of the swimmer is specified by the COM coordinate (X, Y), direction θ of the symmetry axis, and their time derivatives (Ẋ,Ẏ),θ. The angle χ 1 is the controlled variable, and the shape of the swimmer has only one degree of freedom.
For the two-body swimmer, the Lagrangian in Eq. (4) is rewritten as
The dynamics of the swimmer are thus described by the Euler- 
Equations (1) and (7) determine the dynamics of the system. . 16 First, we show that such an object cannot generate locomotion when it is deformed slowly. The swimmer is deformed periodically as
where A/2 is the amplitude and ω is a frequency of the oscillation. Figure 2 shows the time evolution of the system for A = π/4 and ω = 0.025τ −1 . The swimmer is initially formed by two elliptic bodies that are joined at an angle π/2, and then it closes and opens periodically, as shown in Fig. 2(a) . We can see in Fig. 2(b) that the action of the swimmer generates no net locomotion, whereas the position X of the COM moves back and forth at a frequency ω, while conserving the total momentum.
The fact that the swimmer cannot propel itself in Fig. 2 reminds us of Purcell's "scallop theorem", 11 which states that when the motion of a swimmer has time-reversal symmetry, 13 there is no net locomotion of the swimmer in a viscous Stokes fluid. The periodic motion in Eq. (8) has time-reversal symmetry, and therefore the swimmer cannot swim in a Stokes fluid. Reference 15 showed that the scallop theorem can be generalized to a perfect fluid, i.e., a periodic motion with time reversal symmetry never generates locomotion in a perfect fluid. When the motion of the swimmer is sufficiently slow, and no waves or quantized vortices are excited, a superfluid can be regarded as a perfect fluid. The generalized scallop theorem is therefore applicable to the situation shown in Fig. 2 . Thus, self-propulsion in a superfluid is impossible for a twobody swimmer with sufficiently slow deformation.
In the dynamics shown in Fig. 2 , the typical velocity of the elliptic bodies is ωd = 0.175v s , and this is much smaller than the velocity of sound v s ; thus, the fluid around the swimmer is barely disturbed. When the swimmer is deformed more quickly, on the other hand, waves and quantized vortices are created, and the condensate can no longer be regarded as a perfect fluid; the generalized scallop theorem is no longer applicable. Figure 3 shows the dynamics of the system for ω = 0.4τ −1 , which is 16 times larger than the value used for Fig. 2 . In this case, the shape of the swimmer changes faster than the sound velocity, and waves and solitonic pulses 17, 18 are emitted from the swimmer, as shown in Fig. 3(a) . By disturbing the fluid, the swimmer gains net locomotion, as shown in Fig. 3(b) . At ωt = 20π [the vertical dashed line in Fig. 3(b) ], i.e., after ten strokes, the deformation of the swimmer is stopped: χ 1 (t) = 0 for ωt > 20π. Even after that, the swimmer continues to travel, which indicates that the swimmer acquires momentum by emitting waves and solitonic excitations into the surrounding fluid.
Three-body swimmer
We next study the dynamics of a swimmer consisting of three elliptic bodies connected by two joints, as illustrated in Fig. 1(b) . The Lagrangian in Eq. (4) can be written as
which gives the Euler-Lagrange equations,
There are two controlled parameters (χ 1 , χ 2 ) that are used to specify the shape of the swimmer. When the periodic motion of the swimmer is represented by a closed loop in (χ 1 , χ 2 ) space, the motion is neither time-reversal symmetric nor reciprocal, 13 and therefore, locomotion is not prohibited by the generalized scallop theorem.
Figures 4(a) and 4(b) show the dynamics of the three-body swimmer for
where A = π/4 and γ = ω = 0.025τ −1 . The factor tanh γt is introduced to avoid infinite acceleration of the body at t = 0. For t ≫ γ −1 , Eq. (11) reduces to χ 1 (t) ≃ − cos ωt and χ 2 (t) ≃ sin ωt. Since the trajectories of χ 1 (t) and χ 2 (t) are circles in (χ 1 , χ 2 ) space, net locomotion is allowed. We can see from Figs. 4(a) and 4(b) that the three-body swimmer propels itself without exciting waves or vortices, in contrast to the two-body swimmer. The three-body swimmer travels by ≃ 3ξ for each stroke cycle. Intuitive understanding of self-propulsion is difficult, because the flow field
around the three-body swimmer is complicated, as shown in Fig. 4(c) . At t = 350τ, the position X of the COM of the swimmer is increasing [vertical line in Fig. 4(b)] , and hence the superfluid should have a momentum in the −x direction, due to conservation of the total momentum. The red (light gray) region in Fig. 4(c) has a large momentum in the −x direction, and this plays an important role in the locomotion of the swimmer. Figure 4 (d) shows the position of the COM for swimmer's shape given by
where A = π/4, γ = 2×10 −5 τ −2 , t 0 = 800τ, and ω = 0.025τ −1 . These functions begin at χ 1 (0) ≃ π/4 and χ 2 (0) ≃ 0, oscillate while t/τ ≃ 800 ± 300, and stop at χ 1 (∞) = π/4 and χ 2 (∞) = 0. In this case, the swimmer travels only during the deformation, and the locomotion nearly stops after the shape stops changing. This behavior is also similar to the selfpropulsion of a swimmer in a viscous Stokes fluid. The small fluctuations of X and Y for t/τ 1200, shown in Fig. 4(d) , are due to a non-adiabatic disturbance of the condensate. They vanish when the deformation of the swimmer is sufficiently slow.
Swimming in multicomponent condensates
We next consider the dynamics of a multicomponent BEC, in which there is a swimmer who also consists of BECs of different components. We will consider an immiscible threecomponent BEC. Suppose that a swimmer of components 1 and 2 is surrounded by a sea of component 3. By controlling the scattering lengths by using the Feshbach resonance, the size of the droplets of components 1 and 2 can be changed, that is, the shape of the swimmer can be controlled.
The dynamics of the system can be studied by numerically solving the GP equation for a three-component BEC
where j = 1, 2, and 3. The interaction coefficients g jk depend on time in such a way that they always satisfy the immiscible 
where γ is introduced to avoid an initial disturbance of the system and g is a parameter that determines the units ξ, v s , and τ. In the following calculation, we take γ = 0.01τ −1 and ω = 2π ×0.002τ −1 . The other interaction coefficients are fixed as follows: g 33 = 1.5g and g 12 = g 23 = g 13 = g. For t ≫ γ −1 , the interaction coefficients in Eq. (15) become g 11 ∝ 1 + cos ωt and g 22 ∝ 1 + sin ωt, which do not have time-reversal symmetry.
The initial state is the ground state with |ψ 1 | 2 dr = |ψ 2 | 2 dr = 100n 0 ξ 2 . The density |ψ 3 | 2 of component 3 far from the center is n 0 , a constant. The initial density profile of |ψ 3 | 2 is shown in the leftmost panel of Fig. 5(a) , where the left and right sides of the low-density region are occupied by components 1 and 2, respectively. By changing the interaction coefficients as in Eq. (15), the shape of the swimmer deforms, as shown in Fig. 5(a) . We find from Fig. 5(b) that the swimmer obtains net locomotion in the −x direction without generating waves or quantized vortices.
The locomotion of the swimmer in Fig. 5 may be understood qualitatively as follows. Suppose that the shapes of components 1 and 2 are approximated by circles with radii r 1 centered at x 1 and r 2 at x 2 , respectively, and that these circles touch each other, i.e.,
When component 2 expands or shrinks, component 1 is pushed or pulled asẋ 1 ≃ −ṙ 2 , if the density n 1 of component 1 is the same as the density n 3 of the surrounding fluid of component 3. If n 1 > n 3 (n 1 < n 3 ), the displacement of component 1 is suppressed (enhanced), which may be approximated bẏ x 1 ≃ −ṙ 2 + ǫ(r − r 1 )ṙ 2 to the first order ofr − r 1 , wherer is the radius for which n 1 = n 3 and ǫ > 0 is a constant. The same is also true when component 1 expands or shrinks, and then we haveẋ
where the third terms on the right-hand side ensure Eq. (16) . The motion of the COM of the swimmer thus becomeṡ
Assuming that r 1 −r ∝ cos ωt and r 2 −r ∝ sin ωt, the timeaveraged COM in Eq. (18) becomesX ∝ −ǫω, which agrees with the fact that the swimmer travels in the −x direction in Fig. 5 . It has been confirmed from numerical simulations of Eq. (14) that the time-averaged velocityX is proportional to ω, in agreement with the above result.
The following facts have been confirmed numerically. In a manner similar to what is shown in Fig. 4(c) , the selfpropulsion ceases when the swimmer stops deformation. If the change in the interaction coefficients has time-reversal symmetry, no net locomotion is obtained, due to the generalized scallop theorem. For a larger ω, the swimmer emits excitations, in a manner similar to that shown in Fig. 3 . However, in this case, components 1 and 2, that is, the body of the swimmer, are also emitted with waves and solitonic objects of component 3, and the swimmer gradually shrinks.
Conclusions
We have investigated the dynamics of deformable objects in superfluids in order to answer the question: can we swim in a superfluid? We began by examining the dynamics of articulated bodies, as shown in Fig. 1 . For a swimmer that consists of two elliptic bodies, no net locomotion is achieved when the shape of the swimmer changes sufficiently slowly (Fig. 2) ; this is consistent with the generalized scallop theorem. When the swimmer is deformed with a velocity comparable to or faster than the sound velocity, waves and solitonic excitations are emitted into the superfluid, and the swimmer thus acquires momentum (Fig. 3) . A swimmer consisting of three elliptic bodies can swim in a superfluid without exciting waves (Fig. 4) , since its motion can break time-reversal symmetry (non-reciprocal 13 ). We next considered the dynamics of a three-component BEC, in which a swimmer comprising components 1 and 2 is surrounded by component 3. The shape of the swimmer can be changed by using the Feshbach resonance to control the interactions. We found that it is possible for such a swimmer to create self-propulsion without exciting waves; this is shown in Fig. 5 . Thus, it has been shown that swimming in a superfluid can be done smoothly or with splashing.
